Abstract. The problem of two-dimensional incompressible laminar flow past a bluff body at large Reynolds number (R) is discussed. The governing equations are the Navier-Stokes equations. For In this paper we shall discuss solutions of the Navier-Stokes equations for large Reynolds number (low viscosity). We shall restrict ourselves to the case of two-dimensional, incompressible, stationary flow. The last restriction implies that the solutions do not describe real flow, but that we are dealing with unstable solutions and that the real flow, for the same boundary conditions, is unsteady. Still, the author believes that investigations of stationary solutions, besides presenting challenging mathematical problems, eventually will shed light on the behavior of r.eal flow.
SOLUTIONS OF THE NAVIER-STOKES EQUATION
AT LARGE REYNOLDS NUMBER* PACO A. LAGERSTROM?
Abstract. The problem of two-dimensional incompressible laminar flow past a bluff body at large Reynolds number (R) is discussed. The governing equations are the Navier-Stokes equations. For R oo, the Euler equations are obtained. A solution for R large should be obtained by a perturbation of an Euler solution. However, for given boundary conditions, the Euler solution is not unique.
The solution to be perturbed is the relevant Euler solution, namely the one which is the Euler limit of the Navier-Stokes solution with the same boundary conditions. For certain semi-infinite or streamlined bodies, the relevant Euler solution represents potential flow. For flow inside a closed domain a theorem of Prandtl states the relevant Euler solution has constant vorticity in each vortex. In many cases it can be determined by simultaneously considering the boundary layer equations. For flow past a bluff body, the relevant Euler solution is not known, although the free streamline flow for which the free streamline detaches smoothly from the body is a likely candidate. Even if this is correct, many unsolved problems remain. Various scalings have to be used for various regions of the flow. Possibilities of scaling for the various regions are discussed here. Special attention is paid to the region near the point of separation. A famous paper by Goldstein asserts that for an adverse smooth pressure gradient, the solution of the boundary layer equations can, in general, not be continued beyond the point of separation. Subsequent attempts by many authors to overcome the difficulty of continuation have failed. A very promising theory, going beyond conventional boundary layer theory, has recently been put forward independently by Sychev and Messiter. They assume that separation takes place in a sublayer whose thickness and length tend to zero as R tends to infinity. The pressure gradient in the sublayer is self-induced and is positive upstream of the point of separation and zero downstream. Their theory does not contradict experiments and numerical calculations, which may be reliable up to, say, R 100, but it also shows that in this context, 100 may not be regarded as a large Reynolds number. The sublayer has the same scaling in orders of R as the sublayer at the trailing edge of a plate, found earlier by Stewartson and Messiter in studying thematching of the boundary layer solution on the plate with the Goldstein wake solution downstream of the trailing edge.
In this paper we shall discuss solutions of the Navier-Stokes equations for large Reynolds number (low viscosity). We shall restrict ourselves to the case of two-dimensional, incompressible, stationary flow. The last restriction implies that the solutions do not describe real flow, but that we are dealing with unstable solutions and that the real flow, for the same boundary conditions, is unsteady. Still, the author believes that investigations of stationary solutions, besides presenting challenging mathematical problems, eventually will shed light on the behavior of r.eal flow.
The Navier-Stokes equations are, for the restricted case we consider here, [2] and discussed in detail in [4] .
We Batchelor [5] and Feynman and Lagerstrom [6] conceived the idea that the relevant Euler solution must be such that the corresponding boundary layer must be periodic. From this idea, together with the Prandtl theorem, Wood [7] and Feynman-Lagerstrom [6] derived the formula [8] and [9] ). As a consequence, the expansion is really one for large values of the nondimensional coordinate xdUp/la rather than in the nonexisting Reynolds number. However, the method of matched asymptotic expansions may still be used (see Goldstein [10] ). The main difference is the occurrence of constants which cannot be determined by this method. This problem is discussed in detail in Chang [9] . A similar situation occurs in the determination of the flow at large distances from a finite body at a fixed R (see Goldstein [11] , and for a detailed discussion, Chang [9] Goldstein found a similarity solution for fo and also determined higher order terms in x (which is considered small). In a certain limit, the Goldstein wake solution matches the boundary layer solution at x 0. The wake solution represents a thin sublayer for x small and positive. It influences the continuation of the main boundary layer for x > 0, the form of which is also determined.
It was discovered independently by Stewartson [14] and Messiter [15] that the matching is not complete. In particular, the pressure due to displacement thickness would be discontinuous at x 0. The authors quoted therefore proposed a layer near x 0 which is thin relative to the main boundary layer and whose extent in the s-direction is infinitesimal, i.e., tends to zero as R tends to infinity.
The [19] , guided by ideas by Kaplun, found that if the wall is cold (relative to infinity), singularities occur at the point of vanishing skin friction, but found no singularity for a hot wall. He used a more general form of the expansion near the point of vanishing skin friction than Goldstein or Stewartson. In any asymptotic analysis, one assumes some form of expansion, and the assumption of too restricted a form may lead to an erroneous result, and more analytical work is needed for this problem. Independent of its original context, Goldstein's result initiated some important research in the mathematical theory of nonlinear parabolic equations. Before continuing the theoretical discussion, we shall consider some experimental and numerical results and specialize to flow past a circular cylinder. Results exist and agree and may be considered reliable up to, say, R 100. Here the characteristic length L is the diameter of the cylinder. Experimentally, the flow may be made stationary in the relevant region with the aid ofa splitter plate. Experiments and calculations show the following qualitative picture: on the frontal part of the solid there is a boundary layer followed by a point of detachment. The detaching streamline, the body surface downstream of detachment and the x-axis enclose a finite wake bubble consisting of one vortex. (Because of symmetry we need only consider points with y >__ 0.) The actual body plus the wake bubble form an elongated body, outside of which there are no closed streamlines. Quantitatively, the results are mainly inconclusive. The pressure at the forward stagnation point approaches a value consistent with asymptotic theory, and the length of the wake bubble seems to grow linearly with R. 2 The following important quantities move in a definite direction but do not settle down to a definite value. The point of detachment moves upstream as R increases, the pressure at the rear stagnation point is negative and increases, the (nondimensional) drag decreases. For a fixed R, the pressure is negative and increases in the flow direction in a region upstream of the point of detachment, but its gradient becomes smaller downstream. This almost flat region of pressure distribution becomes more pronounced for higher values of R. There does not seem to be any observable trend in the width of the wake bubble. The velocity seems to decrease in the interior of the wake bubble, and vorticity does not approach any constant value, except possibly zero.
For the analytical work, various regions have to be studied with various scalings and be matched to form a consistent picture. The boundary layer region is well understood, except that the pressure gradient is unknown a priori. Quite recently some progress has been made in the local study of the point of detachment.
Independently, Sychev [21] and Messiter [22] have proposed a theory which in the author's view seems very promising. They observed that at the point of detachment, there is a change in boundary conditions at the detaching streamline which resembles the change of boundary conditions at the trailing edge of a flat plate. At the point of detachment, they therefore introduce a sublayer scaled as in (10) and show how a boundary layer solution upstream of this point can be joined to a shear layer around the detaching streamline. The assumed nature of the downstream singularity at this point is similar to the Goldstein singularity at the point of vanishing skin friction, although it uses different power laws. The pressure gradient is adverse upstream and zero on the detached streamline and in the thin region of backflow. This assumption differs from Goldstein As an example of a special region, let us consider the wake bubble. Special scalings may be needed near the solid and the point where the bubble closes (that is, where the detached streamlines reach the x-axis). In the region between the wake bubble and the outside flow, the assumption of a shear layer seems reasonable. We shall exclude these regions and consider the main part of the wake bubble. Since its width-to-length ratio presumably tends to zero as R tends to infinity, we find from the continuity equation that v << u. There are two possible cases: but which tends slowly--very slowly--to zero as R approaches infinity.
In the second case mentioned above, u remains nonzero as R tends to infinity. If we assume that the length of the wake bubble tends to infinity with R, the relevant Euler solution must exhibit an infinite wake with nonzero velocity and vorticity. The streamlines in the wake must come from downstream infinity, turn around and return to downstream infinity. The vorticity on each streamline must be constant, but may vary from streamline to streamline since Prandtl's theorem about constant vorticity has not been proven for regions whose length increase linearly with R. To the author's knowledge, such Euler solutions have not been considered. However, any theory proposing that u remains of order unity in the wake bubble must be complemented by exhibiting Euler solutions of the type just mentioned.
Some further general remarks about the possible scalings for the equations for the main part of the wake bubble can be made. Assume that, if we use the body diameter as unit length, its length 3 is of order R, its width of order Ra, a < 1, and that u is of order R -b. In (3a) the u ?u/?x and v cu/c3y will always balance because of the continuity equation (3c). The term c2u/cx 2 will be negligible compared to c2u/c3y2. Hence the main problem in determining the proper asymptotic equations is the balance between u cu/cx and (1/R)(c32u/@2). If 2a < b, the second term dominates, which leads to unacceptable equations. If 2a-b, we obtain the boundary layer equations, which retain the term (1/R)(c32u/cy2) in (3a).
(This does not mean that the flow remains viscous in the limit of R tending to infinity: in the Euler limit all terms involving viscosity must vanish.) The equation for the y-component of the momentum (3b) reduces to @/c3y 0, and (3c) remains. If 2a > b, we obtain the Euler equations, except that the equation for the ymomentum still reduces to @/c3y 0. We note that in the third case and in the second case with b > 1, we have u o(1) and, by the argument given above, in the Euler limit we obtain zero velocity in the wake. This implies that the limiting Euler flow is of the Kirchhoff type and that a .
Finally, we observe that while the expansion for large x and fixed R (see [9] ) may be useful for numerical calculations, the Reynolds number enters in such a way that successive terms are not successively smaller if x and R tend to infinity at the same rate. Hence a partial sum may not be used in an asymptotic expansion for large R for the region downstream of the wake bubble. The inner wake equations of [9] would have to be replaced by nonlinear boundary layer equations, probably with zero pressure gradient. In this region, we must assume u to be of order unity. However, in the Euler limit, the whole region, for lYl not large, will disappear at infinity, so that we may not conclude that u remains of order unity in the Euler limit for moderate values of lYl. It may, for instance, tend to zero as in the free streamline solution.
To resolve the various questions about flow at large R, further analytic work is needed. Numerical investigations could provide guidance although present numerical methods do not allow us to study reasonably large Reynolds numbers. There are, however, various simplified problems the study of which could shed light on the problem of the magnitude of u in the wake.
Various theoretical considerations indicate that if the limiting drag is nonzero and finite, the length must be of order R and its width <<R. This paper has touched on very few aspects of Goldstein's contributions to fluid dynamics. It would have been written the same way if the same subject matter had been given but if the occasion had not been a symposium in honor of Sydney Goldstein. However, quite independent of the occasion, one thing emerges clearly, namely the pioneering aspect of Goldstein's research. Instead of merely solving more special cases of Prandtl's equations, his papers on the wake behind a finite flat plate and on the singularity at the point of vanishing skin friction contained significant advances in the asymptotic theory of Navier-Stokes solutions and have stimulated further important research, some of which has been discussed above.
